The notion of broken k-diamond partitions was introduced by Andrews and Paule. Let ∆ k (n) denote the number of broken k-diamond partitions of n. They also posed three conjectures on the congruences of ∆ 2 (n) modulo 2, 5 and 25. Hirschhorn and sellers proved the conjectures for modulo 2, and Chan proved cases of modulo 5. For the case of modulo 3, Radu and Sellers obtained an infinite family of congruences for ∆ 2 (n). In this paper, we obtain two infinite families of congruences for ∆ 2 (n) modulo 3 based on a formula of Radu and Sellers, the 3-dissection formula of the generating function of triangular number due to Berndt, and the properties of the U-operator, the V -operator, the Hecke operator and the Hecke eigenform. For example, we find that ∆ 2 (243n + 142) ≡ ∆ 2 (243n + 223) ≡ 0 (mod 3). The infinite family of Radu and Sellers and the two infinite families derived in this paper have two congruences in common, namely, ∆ 2 (27n + 16) ≡ ∆ 2 (27n + 25) ≡ 0 (mod 3).
Introduction
The objective of this paper is to derive two infinite families of congruences for the number of broken 2-diamond partitions modulo 3. The notion of broken k-diamond partitions was introduced by Andrews and Paule [1] . A broken k-diamond partition π = (a 1 , a 2 , a 3 , . . . 
For example, Figure 1 .3 gives a broken 2-diamond partition π = (10, 8, 9, 7, 6, 3, 2, 1, 0, 1; 3, 5, 2, 1, 1, 1).
Let ∆ k (n) denote the number of broken k-diamond partitions of n, and let B k (q) denote the generating function for ∆ k (n), that is
Andrews and Paule [1] obtained the following formula: Figure 1 .3: A broken 2-diamond partition of 60.
Note that the above formula can also be written in terms of eta-quotients related to modular forms:
where q = e 2πiz .
From (1.1), Andrews and Paule proved that for n ≥ 3,
They also posed three conjectures on congruences for the number of broken 2-diamond partitions of n. Fu [5] and Mortenson [8] found combinatorial proofs of congruence (1.2). Meanwhile, Hirschhorn and Sellers [6] gave a proof of (1.2) by deriving the following generating formula for ∆ 1 (2n + 1)
Hirschhorn and Sellers also obtained the following congruences modulo 2
where n ≥ 1. The congruences in (1.4) were conjectured by Andrews and Paule [1] .
Chan [4] found the following two infinite families of congruences modulo 5 for broken 2-diamond partitions:
where l ≥ 1. The cases for l = 1 in (1.5) and (1.6) were conjectured by Andrews and Paule [1] , namely,
Paule and Radu [10] obtained the following infinite family of congruences modulo 5 for broken 2-diamond partitions. They showed that for any prime p with p ≡ 13, 17 (mod 20) and any nonnegative integer n,
Moreover, they posed four conjectures on congruences for broken 3-diamond partitions and broken 5-diamond partitions, which have been confirmed by Xiong [12] and Jameson [7] .
For the broken 2-diamond partitions, Radu and Sellers [11] showed that
which implies the following congruence relations
.
In this paper, we use (1.8) to establish two new infinite families of congruences of ∆ 2 (n) modulo 3 by using the 3-dissection formula of the generating function of triangular numbers and properties of the U-operator, the V -operator, the Hecke operator and the Hecke eigenform.
Preliminaries
In this section, we give an overview of some definitions and properties of modular forms which will be used in the proof of Theorem 1.1. For more details on the theory of modular forms, see for example, Ono [9] . In this paper, we shall be concerned with the modular forms for the congruence subgroup Γ 0 (N) of SL 2 (Z), where
First, recall the definition of a modular form.
Definition 2.1 Let k be a positive integer and χ be a Dirichlet character modulo N, we say that a meromorphic function f (z) : H → C is a modular form for Γ 0 (N) with Nebentypus χ and weight k, if
(2) f (z) satisfies the following relation for z ∈ H and γ ∈ Γ 0 (N) The set of modular forms for Γ 0 (N) with Nebentypus χ and weight k is denoted N) ). In addition, if f (z) vanishes at the cusps of Γ 0 (N), then we say that f (z) is a cusp form. We denote by S k (Γ 0 (N), χ) the set of cusp forms for Γ 0 (N) with Nebentypus χ and weight k.
To prove Theorem 1.1, we need the operators U, V and the Hecke operator. 
In particular, for any prime p
From the definition of the U-operator and the Hecke operator, one sees that for any prime p, we have
The operators U, V and the Hecke operator have the following properties.
(1) If d is a positive integer, then
A Hecke eigenform associated with the Hecke operators is defined as follows.
is called a Hecke eigenform if for every m ≥ 2 there is a complex number λ(m) for which
If a Hecke eigenform is a cusp form, then the following proposition can be used to compute the value λ(m).
Proof of the Main Theorem
In this section, we give a proof of Theorem 1.1 by using the approach of Chan [4] . We first establish the following congruence on the generating function of ∆ 2 (3n + 1). Let ψ(q) be the generating function for the triangular numbers, that is,
Proof. By (1.8) and (3.1), we see that
It follows that
see, Ono [9] , we find that
Combining (3.4) and (3.5), we obtain that
as desired.
It is not difficult to show that q 5 ψ(q 5 ) 8 is a Hecke eigenform.
8 is a Hecke eigenform in M 4 (Γ 0 (10)). More precisely, for m ≥ 2, we have
Proof. It has been shown by Chan [3] that qψ(q) 8 is a Hecke eigenform in M 4 (Γ 0 (2)). By Definition 2.4, for m ≥ 2, there exits a complex number λ(m) such that
Observing that qψ(q) 8 is a cusp form for which the coefficient of q is 1, by Proposition 2.5 we find
Substituting q by q 5 in (3.6), we obtain that
Meanwhile, by Proposition 2.3 (2), we have
Thus q 5 ψ(q 5 ) 8 is a Hecke eigenform in M 4 (Γ 0 (10)).
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.
On the other hand, Lemma 3.2 implies that
Employing relation (2.4), we deduce that
Substituting n by n + 2 in the above congruence, we get
By the 3-dissection formula of ψ(q) due to Berndt [2, p49] , one sees that ψ(q) can be written in the following form
where A(q) is power series in q. Plugging (3.9) into the right hand side of (3. Since there are no terms with powers of q congruent to 1, 2 modulo 3 in 2q 3 ψ(q 15 ) 2 , substituting n by 3n + 1 and 3n + 2 respectively in (3.14), we obtain the following infinite families of congruences Notice that congruences in (3.15) are also contained in the infinite family of congruences (1.11) derived by Radu and Sellers.
